Abstract. Let p be a rational prime, k be a perfect field of characteristic p, W = W (k) be the ring of Witt vectors, K be a finite totally ramified extension of Frac(W ) of degree e and r be a nonnegative integer satisfying r < p − 1. Let V be a semi-stable p-adic GKrepresentation with Hodge-Tate weights in {0, . . . , r}. In this paper, we prove the upper numbering ramification group G (j) K for j > u(K, r, n) acts trivially on the mod p n representations associated to V , where u(K, 0, n) = 0, u(K, 1, n) = 1 + e(n + 1/(p − 1)) and u(K, r, n) = 1 − p −n e(K(ζp)/K) −1 + e(n + r/(p − 1)) for r > 1.
Introduction
Let p be a rational prime, k be a perfect field of characteristic p, W = W (k) be the ring of Witt vectors and K be a finite totally ramified extension of K 0 = Frac(W ) of degree e = e(K). Let the maximal ideal of K be denoted by m K , an algebraic closure of K byK and the absolute Galois group of K by G K = Gal(K/K). We normalize the valuation v K of K as v K (p) = e and extend this toK. Let G
(j)
K denote the j-th upper numbering ramification group in the sense of [7] . Namely, we put G (j)
K , where the latter is the upper numbering ramification group defined in [15] .
Let X K be a proper smooth scheme over K and put XK = X K × K K. Consider the r-thétale cohomology group H ŕ et (XK , Q p ) and its G Kstable Z p -lattices L ⊇ L ′ . In [7] , Fontaine conjectured the upper numbering ramification group G (j) K acts trivially on the G K -module L/L ′ for j > e(n + r/(p−1)) if X K has good reduction and this module is killed by p n . For e = 1 and r < p − 1, this conjecture was proved independently by himself ( [8] , for n = 1) and Abrashkin ([2] , for any n), using the theory of Fontaine-Laffaille ( [10] ) and the comparison theorem of Fontaine-Messing ( [11] ) between the padicétale cohomology groups of X K and the crystalline cohomology groups of the reduction of X K . From this result, Fontaine also showed some rareness of a proper smooth scheme over Q with everywhere good reduction ( [8, Théorème 1] ). In fact, they proved this ramification bound for the torsion representations of the crystalline p-adic representations of G K with HodgeTate weights in {0, . . . , r} in the case where K is absolutely unramified.
On the other hand, for a semi-stable p-adic representation V with HodgeTate weights in the same range, a similar ramification bound for e = 1 and n = 1 is obtained by Breuil (see [4, Proposition 9.2 
.2.2])
. He showed, assuming the Griffiths transversality which in general does not hold, that if e = 1 and r < p − 1, then the ramification group G (j) K acts trivially on the mod p representations of V for j > 2 + 1/(p − 1).
In this paper, we prove a version of the result of Breuil for the case where K is absolutely ramified, under the condition r < p − 1. Our main theorem is the following. For the proof of Theorem 1.1, we essentially follow a beautiful argument of Abrashkin ([2] ). We may assume p ≥ 3 and r ≥ 1. Thanks to Liu's theorem ( [14] ) on the G K -stable Z p -lattices in semi-stable p-adic representations, it is enough to bound the ramification of the G K -module
where M n is a p n -torsion object of a category Mod r,φ,N /S∞ of filtered (φ r , N )-modules over S defined by Breuil ([3] ) andÂ st,∞ is a p-adic period ring. We may also assume ζ p ∈ K and consider the finite Galois extension
of K whose upper ramification is bounded by the same value as in the theorem. Let L n be the finite Galois extension of F n cut out by T * st,π (M n )| G Fn . p n+1 for any n. Let E(u) be the Eisenstein polynomial of π over W and set S = (W [u] PD ) ∧ , where PD means the divided power envelope and this is taken with respect to the ideal (E(u)), and ∧ means the p-adic completion. The ring S is endowed with the σ-semilinear endomorphism φ : u → u p and a natural filtration Fil t S induced by the divided power structure such that φ(Fil t S) ⊆ p t S for any non-negative integer t. We set φ t = p −t φ| Fil t S and c = φ 1 (E(u)) ∈ S × . Let N denote the W -linear derivation on S defined by the formula N (u) = −u. We also define a filtration, φ, φ t , N on S n = S/p n S similarly.
Let r ∈ {0, . . . , p − 2} be an integer. Set ′ Mod r,φ,N /S to be the category consisting of the following data:
• an S-module M and its S-submodule Fil r M containing Fil r S.M,
for any s r ∈ Fil r S and m ∈ M, where we set φ(m) = c −r φ r (E(u) r m),
-the following diagram is commutative: • the S-module M is free of finite rank and generated by the image of φ r , • the quotient M/Fil r M is p-torsion free.
We define full subcategories Mod For p-torsion objects, we also have the following categories. Consider the k-algebra k[u]/(u ep ) ∼ = S 1 /Fil p S 1 and let this algebra be denoted byS 1 . The algebraS 1 is equipped with the natural filtration, φ and N induced by those of S. Namely, Fil
denote the category consisting of the following data: is defined by the following condition:
• As anS 1 -module,M is free of finite rank and generated by the image of φ r .
We define categories ′ Mod r,φ /S 1 and Mod r,φ /S 1 similarly.
Let D be a weakly admissible filtered (φ, N )-module over K satisfying 
where f π : D → D K is induced by the map S → O K sending u to π. An S-submoduleM of D is said to be a strongly divisible lattice of D if the following conditions are satisfied:
• the S-moduleM is free of finite rank,
We put φ r = p −r φ| Fil rM. Then the S-moduleM is generated by φ r (Fil Let A crys andÂ st be p-adic period rings. These are constructed as follows. Set R to be the ring
where every arrow is the p-power map. For an element x = (x i ) i∈Z ≥0 ∈ R and an integer n ≥ 0, we set
wherex i is a lift of x i in OK and O C is the p-adic completion of OK . Let v p denote the valuation of O C normalized as v p (p) = 1. Then the ring R is a complete valuation ring whose valuation of an element x ∈ R is given by v R (x) = v p (x (0) ). We define a natural ring homomorphism θ by
Then A crys is the p-adic completion of the divided power envelope of W (R) with respect to the principal ideal Ker(θ) andÂ st is the p-adic completion of the divided power polynomial ring A crys X over A crys . We set
where we abusively let π n denote the image of π n ∈ OK in OK /pOK . These rings are considered as S-algebras by the ring homomorphisms S →Â st andÂ st → A crys which are defined by u → [π]/(1 + X) and X → 0, respectively. The ring A crys is endowed with a natural filtration induced by the divided power structure, a natural Frobenius endomorphism φ and the φ-semilinear map φ t = p −t φ| Fil t Acrys . With these structures, A crys and A crys,∞ are considered as objects of ′ Mod r,φ /S . Moreover, the absolute Galois group G K acts naturally on these two rings. As forÂ st , its filtration is defined by
and the Frobenius structure of A crys extends toÂ st by
We write N also for the A crys -linear derivation onÂ st defined by N (X) = 1 + X. The ringsÂ st andÂ st,∞ are objects of ′ Mod
A crys naturally extends to an action onÂ st . Indeed, the action of g ∈ G K onÂ st is defined by the formula
where g(π n ) = ε n (g)π n and ε(g) = (ε n (g)) n∈Z ≥0 ∈ R with the abusive notation as above. These rings have other descriptions, as follows. For an integer n ≥ 1, put W n = W/p n W and let W n (OK /pOK ) be the ring of Witt vectors of length n associated to OK/pOK . We define a W n -algebra structure on W n (OK /pOK ) by twisting the natural W n -algebra structure by σ −n . Then the natural ring homomorphism
the divided power envelope of W n (OK /pOK ) with respect to the ideal Ker(θ n ). This ring is considered as an S-algebra by u → [π n ]. This ring also has a natural filtration defined by the divided power structure, and a natural G Kmodule structure. The Frobenius endomorphism of the ring of Witt vectors induces on this ring a φ-semilinear Frobenius endomorphism, which is denoted also by φ. Then, by the S-linear transition maps 
where we set
Similarly, the divided power polynomial ring
. This ring has a natural filtration coming from the divided power structure. We define a G K -action on this ring by
We also define a φ-semilinear Frobenius endomorphism, which we also write as φ, by φ(X) = (1 + X) p − 1 and a W PD n (OK /pOK )-linear derivation N by N (X) = 1 + X. These rings form a projective system of S-algebras compatible with all structures by the transition maps defined by the maps above and X → X. We define φ-semilinear maps
n (OK /pOK ) X compatible with the transition maps as before. The S-algebra W PD n (OK /pOK ) X is considered as an object of ′ Mod r,φ,N /S and there exists a natural isomor-
When M is killed by p n , we have a natural identification of G K -modules
. Note that the G K -module on the right-hand side is independent of the choice of π k for k > n. Since the natural map
. A variant of filtered (φ r , N )-modules over S is also introduced by Breuil and Kisin, and developed also by Caruso and Liu (see for example [12] , [13] , [14] , [6] ). Put S = W [[u]] and let φ : S → S be the σ-semilinear Frobenius endomorphism defined by φ(u) = u p . Let ′ Mod r,φ /S denote the category consisting of the following data:
• an S-module M, 
We write M S for the functor Mod
/S defined similarly. Finally, let D and D be as above andM be a strongly divisible lattice in D. The S-module M n =M/p nM has a natural structure as an object of Mod
, the functorT * st,π gives an anti-equivalence of categories between the category of strongly divisible lattices in D and the category of
Moreover, for such a lattice L, its corresponding strongly divisible latticeM in D is in the essential image of the functor M S ([14, Subsection 3.5]).
3. Filtered φ r -modules over Σ In this section, we define another variant of filtered φ r -modules over S and prove its properties.
Let p ≥ 3 be a rational prime and r be an integer such that 0 ≤ r < p − 1.
We regard Σ as a subring of S by the map sending
We also set Σ n = Σ/p n Σ and put on this ring the natural structures induced by those of Σ.
We define a category ′ Mod r,φ /Σ of filtered φ r -modules over Σ to be the category consisting of the following data: to be the category consisting of M such that
• the Σ-module M is free of finite rank and generated by the image of
Then we see that forM ∈ Mod r,φ /Σ , the quotientM /p nM is naturally considered as an object of Mod
and Nakayama's lemma shows the following. 
, we can show as in the case of the category Mod
where OK /pOK is considered as an object of ′ Mod
by the natural isomorphism 
Proof. Suppose that the latter condition holds. By assumption, we have
We claim that f commutes with φ. Indeed, we have
This implies
Corollary 3.5. LetM and A be as above and J ⊆ Fil r A be an ideal of A such that φ r (J) ⊆ J. We can consider the Σ-algebra A/J naturally as an object of ′ Mod r,φ /Σ . Suppose that for any x ∈ J, there exists t ∈ Z ≥0 such that φ t r (x) = 0. Then we have an isomorphism
Proof. Let f :M → A/J be an element of the abelian group on the righthand side andx i be an lift of f (e i ) in A. By the previous corollary, it is enough to show that for any (
By assumption, the d-tuple
is stable for sufficiently large t and we see that this limit gives a unique solution of the equation.
For an S-module M in Mod r,φ /S∞ (resp. Mod r,φ /S ), we associate to it a Σ-module M ∈ ′ Mod r,φ /Σ as follows:
We can check that this defines an exact functor Mod 
Proof. By definition, M = S ⊗ Σ M and we have a natural isomorphism
r ,φr (M, W PD n (OK /pOK )) and f ′ be the image of f in the right-hand side of the above isomorphism. Let us check that f ′ preserves Fil r and commutes with φ r . Since f ′ is S-linear, it maps Fil
, the commutative diagram whose right vertical arrow is an isomorphism
As for the compatibility with φ r , again by the S-linearity of
. This follows from the commutative diagram
Hence the map in the proposition is well-defined and injective. To prove the bijectivity, by devissage we may assume that pM = 0. Then both sides of this injection have the same cardinality by the above remark. Thus the proposition follows.
A method of Abrashkin
In this section, we study the
Let p ≥ 3 and 0 ≤ r < p − 1 be as before. Consider the Lubin-Tate logarithm
and put ψ(X) = l −1 (log(1 + X)). Then ψ gives a strict isomorphism of formal groups between the formal group associated to the logarithm l(X) and the multiplicative groupĜ m over Z p . We fix a system of p-power roots of unity {ζ p n } n∈Z ≥0 such that ζ p = 1 and ζ p n = ζ p p n+1 for any n, and set an element ε of R to be (ζ p n ) n∈Z ≥0 . Then the elements [ε] − 1 and [ε 1/p ] − 1 are topologically nilpotent in W (R) and the element of W (R)
is a generator of the principal ideal Ker(θ). The element Z = ψ([ε]−1) p−1 /p of A crys is topologically nilpotent and φ(t) is contained in the subset
of A crys ([2, Subsection 1.8]). We set
Lemma 4.1. The element t p /p of A crys is contained in the subringÂ and topologically nilpotent in this subring.
. This is another generator of Ker(θ). We have Then we see that (t ′ ) p /p is topologically nilpotent because so is t ′ in W (R).
In the following, we set the element a in the proof of the lemma to be
From this lemma, we can consider the ringÂ as a Σ-algebra by
Then we can consider the ringÂ also as an object of the category ′ Mod r,φ /Σ , and similarly forÂ n =Â/p nÂ andÂ ∞ =Â ⊗ W K 0 /W . The absolute Galois group G K∞ acts naturally on these Σ-algebras. The following lemma is used implicitly in [2] .
Lemma 4.2. We have a natural decomposition
Proof. 
Let us consider the commutative diagram of R-algebras
By definition, the left downward arrow is surjective. We claim that this arrow is an isomorphism. Indeed, let x be in the kernel of this surjection. From the proof of Lemma 4.1, we see that the image of Z in the ring on the left-hand side of the above isomorphism can be written as a
By assumption, in this ring, we have
for some elements c 1 , . . . , c p−1 of R. Then we see that c i = 0 for any i and v R (x) ≥ p. This concludes the proof.
Since r < p − 1, from this lemma we can show the following lemma as in the proof of [3, Lemme 2.3. 
is an isomorphism of G K∞ -modules.
Proof. By Lemma 3.2 and Lemma 4.3, we may assume pM = 0. Consider the commutative diagram of ringŝ whose downward arrows are defined by modulo Fil p−1 of the ringsÂ 1 and A crys /pA crys , respectively. Since r < p − 1, we have φ r (Fil p−1Â 1 ) = 0 and similarly for the ring A crys /pA crys . Thus these two surjections induce on the ring R/(t p−1 ) the same structure of a filtered φ r -module over Σ. Hence, as in the proof of Corollary 3.5, we see from Lemma 3.1 that we have a commutative diagram
whose downward arrows are isomorphisms. This concludes the proof.
We sketch the proof of the following lemma stated in [2, Subsection 3.2].
Proof. For a subring B of A crys , put 
Hence the former arrow is an isomorphism and the lemma follows.
Since the ideal (Z) ofÂ n satisfies the condition of Corollary 3.5, the Σ-algebraÂ n /(Z) is naturally considered as an object of ′ Mod r,φ /Σ . We also give the ring W n (R)/(ψ([ε] − 1) p−1 ) the structures of a Σ-algebra and a filtered φ r -module over Σ induced by those ofÂ n /(Z). The map
sends the element u ∈ Σ to the image of [π] in the ring on the right-hand side. Put v = t ′ /E([π]) ∈ W (R) × with the notation of Lemma 4.1. As for the element Y ∈ Σ, the equality
holds inÂ, where a and b are the elements in W (R) × as in the proof of Lemma 4.1 and the remark after this lemma, and w ∈ W (R) × is a power series of [ε] − 1. Hence the above homomorphism sends the element Y to the image of −ab
Consider the surjective ring homomorphism R → OK /pOK x = (x 0 , x 1 , . . .) → x n and the induced surjection W n (R) → W n (OK /pOK ). Let
be the kernel of the latter surjection.
Lemma 4.6. The ideal J is contained in the ideal
Proof. Write ([ε] − 1) p−1 also as x = (x 0 , . . . , x n−1 ) ∈ W n (R) with v R (x 0 ) = p. Take an element z = (z 0 , . . . , z n−1 ) in the ideal J. We construct y ∈ W n (R) such that xy = z. By induction, it is enough to show that if z 0 = · · · = z i−1 = 0 for some 0 ≤ i ≤ n − 1 and (x 0 , . . . , x i )(0, . . . , 0,
Let us write this element as (0, . . . , 0, w i , . . . , w n−1 ) with
, the k-th entry of the vector
Note that the elements [ζ p n ]−1 and [ζ p n+1 ]−1 is nilpotent in W n (OK /pOK ). By the above lemma, we have an isomorphism of rings
We give the ring on the right-hand side the structure of a filtered φ r -module over Σ induced by this isomorphism. Put F n = K n (ζ p n+1 ). For an algebraic extension F of F n , let us consider the ideals
Note that these elements are non-zero divisors of W n (O F ). Let the ring
be denoted byĀ n,F,r+ . We also putm n =m n,K , m n = m n,K andĀ n,r+ = A n,K,r+ .
For an algebraic extension F of K, we put
Note that the ring O F /b F is killed by p. When F contains F n , we also put
Then, for 0 ≤ r < p − 1, we have natural isomorphisms of rings
r m n,F →Ā n,F,r+ →Ā ′ n,F,r+ . Indeed, as in the proof of Lemma 4.6, we can show that both of the kernels of the maps
We often identify these rings. We also putĀ ′ n,r+ =Ā ′ n,K,r+ . Write Z n for the image of the element Z of A crys in W PD n (OK /pOK ). Then we have a commutative diagram of Σ-algebraŝ
where all vertical arrows are surjections satisfying the condition of Corollary 3.5. Thus we see that this is also a commutative diagram in ′ Mod r,φ /Σ . Note that these rings and homomorphisms are independent of the choice of a system {ζ p n } n∈Z ≥0 . Moreover, letM be in Mod r,φ /Σ and put M n =M /p nM . Then, by Corollary 3.5 and Corollary 4.4, we have a natural isomorphism of abelian groups
To study G Fn -actions on both sides of this isomorphism, we need the following proposition. Proof. We have the equality
. By definition, we see that the images of the elements a, [ε 1/p ] and E([π]) in W n (OK /pOK ) are contained in the subring W n (O Fn /pO Fn ). Write β for the product bv ∈ W (R). Let a n , β n and α n denote the images of the elements a, β and pa−([ε 1/p ]−1) p−1 in the ring W n (OK /pOK ), respectively. Then the element α n is also contained in the subring W n (O Fn /pO Fn ). Now we have the equality
Note that any element β ′ n ∈ W n (OK /pOK ) satisfying the same equality is invertible and thus the elements (
Then the elementβ ′ n is contained in the subring W n (O Fn ) and we set β ′ n to be the image ofβ ′ n . By a similar argument, we can also check that the ringĀ n,F,r+ is a subring ofĀ n,r+ and coincides with the image of W n (O F ) inĀ n,r+ . This concludes the proof.
Let t n andt n be the images of t ∈ W (R) in W n (OK /pOK ) andĀ n,r+ (or A ′ n,r+ ), respectively. Thent is a lift of t n andt n to W n (OK ) by the natural surjections
Note that we defined the filtration ofĀ n,r+ as Fil 
where y is any element of W n (OK /pOK ) such that the element t r n y is a lift ofx. In particular, the right-hand side of the above equality is independent of the choice of a system {ζ p n } n∈Z ≥0 . Similar assertions also hold for the ring
Proof. Since the filtered φ r -module structure ofĀ n,r+ is induced from that ofÂ and φ r (t r ) ≡ 1 mod Z inÂ, we see that there exists an element y as in the lemma.
To prove the independence of the choice of a lift, let z = (z 0 , . . . , z n−1 ) be an element of W n (OK /pOK ) killed by t n . The element z is also killed by
. . .
Repeating this, we see that if z is killed by t r n , then v p (z k ) ≥ 1 − r/p n−k . For such an element z, we have φ(z) = 0 in the ring W n (OK /pOK ).
Let y 1 and y 2 be elements as in the lemma. Then we have
where w ∈m n and z is an element as above. The Frobenius endomorphism φ sends the element on the right-hand side to an element which is contained in the ideal ψ([ζ p n ] − 1) rm n . Thus the assertions for the ringĀ n,r+ follows. We can show the assertion for the ring
From this lemma and Proposition 4.7, we see that the natural G Fn -actions on the rings (1)
We choose a lift ( 
Proof. Fix a liftx i ofx i to W n (OK ). Then we have
for any i. For this, we need the following lemma.
Lemma 4.11. Let N be a complete discrete valuation field and m N be the maximal ideal of
Proof. By assumption, we see that for any integer l 
Then there exists polynomials U i,m over OK of the indeterminates Y = (Y i,m ) 1≤i≤d,0≤m≤n−1 such that the equation we have to solve iŝ
for any i, where we putŷ = (ŷ i,m ) 1≤i≤d,0≤m≤n−1 . Note that, for any elements P 0 , . . . , P n−1 of the polynomial ring OK[Y ], we can uniquely find elements Q 0 , . . . , Q n−1 of this ring such that the coefficients of these polynomials are in the maximal ideal mK and the equality
holds in the ring of Witt vectors W n (OK [Y ]). Therefore, this equation is equivalent to the equation
where V i,m is a polynomial of Y over OK whose coefficients are in the maximal ideal mK. From the definition of Φ, we see that the elementsŷ i,m is a solution of a system of equations
,m (Y ) = 0 satisfying the condition of Lemma 4.11 for a sufficiently large finite extension N of K. Then, by this lemma, we can solve the equation uniquely in mK .
Let F be an algebraic extension of F n = K n (ζ p n+1 ) and consider the ringĀ n,F,r+ . By Lemma 4.7, we can consider this ring as a Σ-algebra and also as an object of ′ Mod r,φ /Σ by putting Fil rĀ n,F,r+ =t r nĀn,F,r+ and for
rm n,F , where y is any element of W n (O F /pO F ) such that the element t r n y is a lift ofx. For M n =M /p nM ∈ Mod r,φ /Σ∞ as before, let us set
We see thatĀ
/Σ and thus we have a natural identification of abelian groups
The absolute Galois group G Fn acts on the abelian group on the left-hand side.
Lemma 4.12. For an algebraic extension F of F n , the fixed part T * crys,πn,K
Proof. From Proposition 4.10, we see that the elements of T * crys,πn,K (M n ) correspond bijectively to the solutions of the equation (2) in W n (OK ) satisfying the condition on Fil r . The uniqueness assertion of this proposition shows that g ∈ G F fixes a solution in W n (OK ) if and only if g fixes its image inĀ n,r+ . Hence a solution is fixed by G F if and only if this solution is contained in the image of W n (O F ). Thus the lemma follows.
Corollary 4.13. Let L n be the finite Galois extension of F n corresponding to the kernel of the map
Proof. An algebraic extension F of F n contains L n if and only if the action of G F on T * crys,πn,K (M n ) is trivial. By Lemma 4.12, this is equivalent to T * crys,πn,F (M n ) = T * crys,πn,K (M n ).
Ramification bound
In this section, we prove Theorem 1.
we may assume L ′ = p n L. If r = 0, then the G K -module V is unramified and the theorem is trivial. Thus we may assume r ≥ 1 and p ≥ 3. Let L be the finite Galois extensions of K corresponding to the kernel of the map
It is enough to show that, for the greatest upper ramification break u L(ζp)/K of the Galois extension L(ζ p )/K, the inequality
holds. Since the Herbrand function is transitive and the finite Galois extension K(ζ p ) is tamely ramified over K, we may assume ζ p ∈ K. We fix a uniformizer π of K and a system {π n } n∈Z ≥0 as before. Then, by Liu's theorem ([14, Theorem 2.3.5]), it suffices to show the following.
Theorem 5.1. Let r be an integer such that 1 ≤ r < p − 1 andM be the strongly divisible lattice corresponding to
Let L n be the finite Galois extension of F n = K n (ζ p n+1 ) corresponding to the kernel of the map
Since F n is Galois over K, the extension L n is also a Galois extension of K. LetM be the object of the category Mod r,φ /S such that M S (M) ≃ M. From Proposition 3.6 and Proposition 4.9, we see that L n is also the finite extension of F n cut out by the G Fn -module T * crys,πn,K
It is enough to prove the inequality
Before proving this, we state some general lemmas to calculate the ramification bound. Let N be a complete discrete valuation field of positive residue characteristic, v N be its valuation normalized as v N (N × ) = Z and N sep be its separable closure.
be a separable monic polynomial and
which are independent of i by assumption. If j > s + α, then we have the decomposition
Otherwise, the set on the left-hand side contains by the definition of the conductor and a functoriality of the functor F j defined in [1] . This implies the corollary.
Corollary 5.4. Consider the finite Galois extension F n = K n (ζ p n+1 ) of K and let u Fn/K denote the greatest upper ramification break of F n /K. Then we have the equality
Proof. Note that we are assuming that ζ p is contained in K. Applying the previous corollary to the Eisenstein polynomial f (T ) = T p n − π shows that j > 1 + e(n + 1/(p − 1)) if and only if G
Note that this argument also shows the equality
without assuming ζ p ∈ K.
Next we assume that the residue field of N is perfect. For an algebraic extension F of N , we put u Q/N = inf{j ∈ R ≥0 | the property (P j ) holds }.
Proof. By [7, Proposition 1.5 (i)], it is enough to show that the property (P j ) does not hold for j = u Q/N − (e ′ ) −1 with an arbitrarily large e ′ > 0. As in the proof of [7, Proposition 1.5 (ii)], we may assume that Q is totally and wildly ramified over N . Let N ′ be a finite tamely ramified Galois extension of N such that Q ∩ N ′ = N and put Q ′ = QN ′ . Note that we have u Q ′ /N = u Q/N by assumption. From this proposition in [7] , we see that for some algebraic extension F of N , there exists an O N -algebra homomorphism
Since Q/N is wildly ramified, we see that e(Q/N )u Q/N − 1 > e(Q/N ). Hence we have u Q/N −e(Q ′ /N ) −1 > 1 = u N ′ /N and there exists an N -algebra injection N ′ → F also by this proposition. Thus there exists no N -algebra injection Q → F and the property (P j ) for Q/N does not hold. Since we can choose an arbitrarily large N ′ as above, the proposition follows.
We see from Proposition 5.6 that to bound the greatest upper ramification break u Ln/K , it is enough to show the following proposition.
Proposition 5.7. Let F be an algebraic extension of K. If j > u(K, r, n) and there exists an O K -algebra homomorphism
Proof. By assumption, we have j > er/(p − 1) and 
Let us apply Lemma 5.2 to f (T ) = T p n − π. Then, with the notation of the lemma, we have
Since j − s > er/(p − 1) by assumption, we havê
is also finite flat of relative complete intersection and the K-algebra B ′ ⊗ O K K isétale. The Galois group Gal(K(ζ p n+1 )/K) acts transitively on the set of zeros of h. Hence h also satisfies the conditions of Lemma 5.2. Let s ′ and α ′ be as in this lemma for h. Then we have s ′ ≤ ne and α ′ ≤ e/(p−1). This implies j −s ′ > er/(p−1). By this lemma, there exists an element
). This concludes the proof.
Proof. We write the Eisenstein polynomial of a uniformizer π Ln of L n over
Thus the claim follows.
Since L n contains F n , we can consider the rinḡ
and similarlyĀ ′ n,F,r+ for F . We give these rings structures of Σ-algebras as follows. The ringĀ ′ n,Ln,r+ is considered as a Σ-algebra by using the system {π n } n∈Z ≥0 we chose of p-power roots of π, as in the previous section. On the other hand, using i and i ′ in Lemma 5.8, putπ n = π n ζ i p n andζ p n+1 = ζ i ′ p n+1 . Then we consider the ringĀ ′ n,F,r+ as a Σ-algebra by using a system of ppower roots of π containingπ n . We define Fil r and φ r of these rings in the same way as before. Proof. Firstly, we check thatη is Σ-linear. By definition, this homomorphism commutes with the action of the element u ∈ Σ. To show the compatibility with the element Y ∈ Σ, let us consider the commutative diagram
, where the horizontal arrows are induced by η. Note that we have η b (π n ) =π n and η b (ζ p n+1 ) =ζ p n+1 . Put β ∈ W (R) × as in the proof of Proposition 4.7. Namely, the element β is the solution in W (R) of the equation
where the element a ∈ W (R) is as in the remark after Lemma 4.1. Let a n and β n denote the images of a and β in W n (O Ln /pO Ln ), respectively. Then the element β n is a solution of the equation
Similarly, we define elementsã n andβ n of W n (O F /pO F ) usingπ n andζ p n+1 . By definition, the elementβ n is a solution of the equation
Now what we have to show is the equalitȳ η(a n β in the ringĀ ′ n,F,r+ . Since the element a n of W n (O Ln /pO Ln ) is a linear combination of the elements 1, [ζ p n+1 ], . . . , [ζ p n+1 ] p−1 over Z, we havē η(a n ) =ã n inĀ ′ n,F,r+ . Thus the elementsβ n andη(β n ) satisfy the same equation inĀ ′ n,F,r+ . Since these two elements are invertible, we see that η(β n ) −1 E([π n ]) =β −1 n E([π n ]) and the equality holds. Since the diagram above is compatible with the Frobenius endomorphisms, we see from the definition thatη also preserves Fil r and commutes with φ r of both sides.
Thus the homomorphismη induces a homomorphism of abelian groups T * crys,Ln,πn (M n ) → T * crys,F,πn (M n ). Then the following lemma, whose proof is omitted in [2, Subsection 3.13], implies that this homomorphism is an injection. We insert here a proof of this lemma for the convenience of the reader. Proof. Let a n ,ã n and β n ,β n be the elements of W n (OK /pOK ) as in the proof of Lemma 5.10. Let us consider the composite Σ →Ā ′ n,r+ g →Ā ′ n,r+ of the ring homomorphism defined by u → [π n ] and Y → −a n β −1 n E([π n ]) p−1 , and the map induced by g. We claim that this is the natural ring homomorphism defined byπ n . For this, we only have to check that this composite sends the element Y ∈ Σ to −ã nβ in the ringĀ ′ n,r+ on the target. Since the elements g(β n ) andβ n are invertible, we have g(β n ) −1 E([π n ]) =β −1 n E([π n ]) and the claim follows. Thus we have an isomorphism of abelian groups
where we consider on the ringĀ ′ n,r+ on the right-hand side the filtered φ rmodule structure over Σ defined byπ n . Since g(t n ) =t n , we can check that this isomorphism induces an injection Hom Σ,Fil r ,φr (M n ,Ā ′ n,r+ ) → Hom Σ,Fil r ,φr (M n ,Ā ′ n,r+ ). Since these abelian groups have the same cardinality, this is also an isomorphism.
Since L n is Galois over K, the above lemma shows that the finite Galois extension of F n cut out by the action on T * crys,K,πn (M n ) is also L n . Hence we see from Corollary 4.13 that F also contains L n and Proposition 5.7 follows. This concludes the proof of Theorem 1.1.
Remark 5.13. The ramification bound in Theorem 1.1 is sharp for r ≤ 1. Indeed, the greatest upper ramification break 1 + e(n + 1/(p − 1)) for r = 1 is obtained by the p n -torsion of the Tate curveK × /π Z (see Remark 5.5). The author does not know whether this bound is sharp also for r > 1.
